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� (LQOHLWXQJ
(LQ ZLFKWLJHV *HELHW LQ GHU &RPSXWHU *UDILN LVW GLH 'DUVWHOOXQJ XQG $QLPDWLRQ YRQ

RUJDQLVFKHQ 2EMHNWHQ ZLH PHQVFKOLFKH .|USHU� *HVLFKWHU HWF�� (LQH HLQIDFKH :HLVH VROFKH

2EMHNWH ]X HUVWHOOHQ LVW GLH JHHLJQHWH 9HUVFKPHO]XQJ HLQ]HOQHU HLQIDFKHQ 2EMHNWHQ ]X HLQHU

JODWWHQ 2EHUIOlFKH�

$XFK LP %HUHLFK GHU 'DWHQYLVXDOLVLHUXQJ LVW HV Q�W]OLFK� ]XVDPPHQJHK|ULJH 'DWHQREMHNWH DOV

&OXVWHUV GXUFK HLQH 9HUVFKPHO]XQJ HLQ]HOQHU 2EMHNWH ]X UHDOLVLHUHQ� (V JLEW QDW�UOLFK YLHOH

$UWHQ VROFKH 9HUVFKPHO]XQJHQ ]X HUVWHOOHQ�

,P ZHVHQWOLFKHQ JLEW HV ]ZHL JUXQGOHJHQGH 0|JOLFKNHLWHQ HLQH 2EHUIOlFKH ]X EHVFKUHLEHQ

E]Z� ]X PRGHOOLHUHQ� $OV ,VRIOlFKH HLQHV 6NDODUIHOGHV ]XP %HLVSLHO� RGHU DOV 1HW]ZHUN YRQ

(FNHQ� .DQWHQ XQG )OlFKHQ ]�%� PLW %�6SOLQH 3DWFKHV RGHU 1XUEV� ,P IROJHQGHQ ZHUGHQ

YHUHLQIDFKWH 9HUVFKPHO]XQJVPHWKRGHQ ]X GHQ REHQ JHQDQQWHQ 2EHUIOlFKHQUHSUlVHQWDWLRQHQ

EHWUDFKWHW�

� 9HUVFKPHO]XQJ GXUFKGULQJHQGHU 2EMHNWH

��� ,GHH
'LH ,GHH GLHVHU 0HWKRGH LVW HV� ]ZHL �IDVW� EHOLHELJH 2EMHNWH ]X HLQHP QHXHQ ]X

YHUVFKPHO]HQ� VR GDVV GLH QHXH 2EHUIOlFKH P|JOLFKVW JODWW XQG YLVXHOO �ULFKWLJ� LVW�

'LH 2EMHNWH� EHVWHKHQG DXV HLQHU .QRWHQ�.DQWHQ�)OlFKHQ 9HUPDVFKXQJ� ZHUGHQ 3RO\JRQDO

E]Z� 3RO\KHGUDO DQJHQRPPHQ� )�U GLH KLHU YRUJHVWHOOWH 0HWKRGH P�VVHQ VLFK GLH 2EMHNWH

GXUFKGULQJHQ� 'DV QHX HU]HXJWH 2EMHNW ZLUG GDV VHOEH 9ROXPHQ ZLH GLH 6XPPH GHU 2ULJLQDOH

KDEHQ� 'LH 9ROXPHQHUKDOWXQJ ZLUG DOV 5DQGEHGLQJXQJ I�U GLH .RQVWUXNWLRQ EHQ|WLJW�

��� 9HUELQGXQJVUHJHOQ
6HLHQ $ XQG % ]ZHL �' RGHU �' 2EMHNWH SRO\JRQDOHU E]Z� SRO\KHGUDOHU )RUP� :LU ZROOHQ QXQ

HLQ QHXHV 2EMHNW & YRQ JOHLFKHP &KDUDNWHU HUVWHOOHQ� VR GDVV

• $ XQG % YROOVWlQGLJ LQ & OLHJHQ �G�K� MHGHU 3XQNW YRQ $ XQG YRQ % OLHJW DXFK LQ &�

• GLH )OlFKH �E]Z� 9ROXPHQ� YRQ & JOHLFK GHU 6XPPH GHU )OlFKHQ �E]Z� 9ROXPLQD� YRQ $

XQG % LVW�

• GLH 2EHUIOlFKH YRQ & VR JODWW ZLH P|JOLFK LVW �G�K� :HQQ GLH 2EHUIOlFKHQ YRQ $ XQG % &Q�

6WHWLJ VLQG� LVW DXFK GLH 2EHUIOlFKH YRQ & &Q�6WHWLJ�

 
$EELOGXQJ � ]HLJW HLQ %HLVSLHO GHU 9HUVFKPHO]XQJ YRQ ]ZHL .UHLVHQ�



*'9 6HPLQDU ���� )XVLRQ RI �' 6KDSHV

�

&

$

%

$ %
+

Gθρ1

ρ2

ρ

$EELOGXQJ �� 9HUVFKPHO]XQJ

]ZHLHU .UHLVH

$EELOGXQJ �� 1RWDWLRQ ��'�6KDSHV�

��� 9HUELQGHQ YRQ 2EMHNWHQ
'DV 9HUELQGHQ YRQ 2EMHNWHQ LVW UHODWLY HLQIDFK� =XU (UOlXWHUXQJ EHVFKUlQNHQ ZLU XQV ]XQlFKVW

DXI 2EMHNWH� ZHOFKH VWHUQI|UPLJ� ]X HLQHP 3XQNW + VLQG� *HJHEHQ VHLHQ ]ZHL 2EMHNWH $ XQG

% � VR GDVV + LQ GHU 6FKQLWWIOlFKH �E]Z� �YROXPHQ� GHU 2EMHNWH OLHJW�

1HKPHQ ZLU DQ� GLH 2EMHNWH EHVWHKHQ DXV KRPRJHQHQ 0DWHULDO� %HLP 'XUFKGULQJHQ GHU

2EMHNWH HQWVWHKW LQ GHU 6FKQLWWIOlFKH �E]Z� �YROXPHQ� HLQ hEHUVFKXVV DQ 0DWHULDO� 'LH ,GHH LVW

QXQ� GLHVHV �EHUVFK�VVLJH 0DWHULDO DXI GHQ 5DQG ]X WUDQVSRUWLHUHQ� HQWODQJ GHU UDGLDOHQ

3URMHNWLRQ YRQ + DXV�

��� �'
:LGPHQ ZLU XQV ]XQlFKVW GHP HLQIDFKVWHQ ��'LPHQVLRQDOHQ )DOO� 'LH )RUPHQ GHU 2EMHNWH $

XQG % N|QQHQ PLW )XQNWLRQHQ ( )ρ θ1 XQG ( )ρ θ2 LQ 3RODUNRRUGLQDWHQ PLW =HQWUXP + GDUJHVWHOOW

ZHUGHQ� 6HLHQ ( )∆ν θ1 XQG ( )∆ν θ2 GLH )OlFKHQLQKDOWH GHU 6HNWRUHQ ( )( )ρ θ θ1 ,d XQG

( )( )ρ θ θ2 ,d �

*HVXFKW LVW QXQ HLQH )XQNWLRQ ( )ρ θ I�U GLH )RUP GHV 2EMHNWHV & PLW GHU )OlFKH ( )∆ν θ GHV

6HNWRUV ( )( )ρ θ θ,d �

( ) ( )∆ν θ ρ θ θ1 1
21

2
= d

( ) ( )∆ν θ ρ θ θ2 2
21

2
= d ���

( ) ( )∆ν θ ρ θ θ=
1

2
2 d

� (LQ 2EMHNW $ KHLVVW VWHUQI|UPLJ LP %H]XJ ]X HLQHP 3XQNW +� ZHQQ I�U DOOH 3XQNWH 0 LQ $ JLOW�

6WUHFNH HM OLHJW LQ $�
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8P GHU ]ZHLWHQ 9HUELQGXQJVUHJHO �)OlFKHQHUKDOWXQJ� ]X JHQ�JHQ PXVV JHOWHQ�

( ) ( ) ( )∆ ∆ ∆ν θ ν θ ν θ= +1 2 ���

E]Z�

( ) ( ) ( )1

2

1

2

1

2
2

1 2ρ θ θ ρ θ θ ρ θ θd d d= + ���

QDFK $XIO|VXQJ QDFK ( )ρ θ HUKDOWHQ ZLU

( ) ( ) ( )ρ θ ρ θ ρ θ= +1
2

2
2

���

0LW ��� NDQQ GLH )RUP YRQ & HLQIDFK EHUHFKQHW XQG JH]HLFKQHW ZHUGHQ� 'DV 2EMHNW & HUI�OOW

GLH 9HUELQGXQJVUHJHOQ �VLHKH �����

• & EHLQKDOWHW $ XQG % �I�U DOOH θ JLOW� ( ) ( )ρ θ ρ θ≥ 1 XQG ( ) ( )ρ θ ρ θ≥ 2

• & LVW GHUDUW NRQVWUXLHUW� GDVV GLH )OlFKH YRQ & JOHLFK GHU 6XPPH GHU )OlFKHQ YRQ $ XQG %

LVW�

• 'LH 2EHUIOlFKH YRQ & LVW VR JODWW ZLH GLH 2EHUIOlFKHQ YRQ $ XQG % �ZHQQ ρ1 XQG ρ2 LQ &Q

VLQG� GDQQ LVW DXFK ρ LQ &Q�

��� �'
'LH (UZHLWHUXQJ QDFK �' HUIROJW DQDORJ� $OV 3RODUIXQNWLRQ GHU 2EHUIOlFKH YRQ & N|QQHQ ZLU

VFKUHLEHQ�

( ) ( ) ( )ρ θ ϕ ρ θ ϕ ρ θ ϕ, , ,= +1

3

2

3
3 ���

1XQ EHQ|WLJHQ ZLU HLQHQ JXWHQ $OJRULWKPXV ]XP HUVWHOOHQ GHU SRO\KHGUDOHQ )RUP GHV 2EMHNWHV

&� =XU (LQIDFKKHLW QHKPHQ ZLU DQ� GDVV $ XQG % NHLQH VFKDUIH .DQWHQ KDEHQ� :HLWHUKLQ

ZHUGHQ GLH 2EMHNWH GXUFK HLQH .QRWHQ�.DQWHQ�)OlFKH 9HUPDVFKXQJ UHSUlVHQWLHUW�

$OV *UXQGODJH GHV QHXHQ 2EMHNWHV & JHKHQ ZLU YRQ HLQHP 7HWUDKHGHU DXV� ZHOFKHV LQ +

]HQWULHUW ZLUG� 'LH 2EHUIOlFKH GHV 7HWUDKHGHUV ZLUG QXQ DXI GLH 2EHUIOlFKH YRQ & SURML]LHUW�

XQG ZHQQ Q|WLJ HLQH 9HUIHLQHUXQJ GHU 7HWUDKHGHUVHLWHQ GXUFKJHI�KUW XP & P|JOLFKVW JXW ]X

DSSUR[LPLHUHQ �VWHSZLVH UHILQHPHQW�� 1HEVW GHU 3URMHNWLRQVIRUPHO ZROOHQ GLH 'HWDLOV GHV

$OJRULWKPXV KLHU QLFKW EHVFKULHEHQ ZHUGHQ �I�U JHQDXHUH ,QIRUPDWLRQHQ VLHKH >�@� S� ���

-HGHU 9HUWH[ M GHV 7HWUDKHGHUV �RGHU HLQHU 9HUIHLQHUXQJ GDYRQ� ZLU DXI GHQ 9HUWH[ ′M YRQ

& SURML]LHUW JHPlVV�

′ = + +
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QDFK ��� LVW ( )& &

HI HJ
3 3

3 + = ρ θ ϕ,

ZREHL I E]Z� J GHU 6FKQLWWSXQNW GHU +DOEJHUDGH HM PLW GHU 2EHUIOlFKH YRQ $ E]Z� % LVW�
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$EELOGXQJ �� 9HUVFKPHO]XQJ YRQ IDUELJHQ .XJHOQ

%

$

+

OHHUH

$EVFKQLWWH

$EELOGXQJ �� 9HUVFKPHO]XQJ YRQ .XJHO

XQG 4XDGHU

$EELOGXQJ �� 1LFKW VWHUQI|UPLJH 2EMHNWH

$EELOGXQJ �� 9HUVFKPHO]XQJ QLFKW VWHUQI|UPLJHU 2EMHNWH
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��� 3UREOHPH

����� 6FKDUIH .DQWHQ

)DOOV GLH 2EMHNWH $ XQG % VFKDUIH .DQWHQ KDEHQ� NDQQ GHU RELJH $OJRULWKPXV QLFKW VR

DQJHZDQGW ZHUGHQ� GD & DOV JODWW DQJHQRPPHQ ZLUG� 8P WURW]GHP VFKDUIH .DQWHQ ]X

]XODVVHQ EHWUDFKWHQ ZLU GLH 2EHUIOlFKH YRQ & DOV 0HQJH YRQ JODWWHQ 3DWFKHV� JHWUHQQW GXUFK

VFKDUIH .DQWHQ� 'HU $OJRULWKPXV YRQ YRUKHU ZLUG QXQ DXI MHGHV 3DWFK XQG YRQ $ XQG %

DQJHZDQGW� =XVlW]OLFK ZHUGHQ GLH VFKDUIH .DQWHQ YRQ $ XQG % DXFK DXI & SURML]LHUW XQG DOOH

HLQ]HOQHQ 1HW]ZHUNH PLWHLQDQGHU YHUEXQGHQ�

$P $QIDQJ GHV $OJRULWKPXV ZLUG DQVWDWW GHV 7HWUDKHGHUV HLQH .XJHO YHUZHQGHW� 'LH

9HUPDVFKXQJHQ YRQ $ XQG % ZHUGHQ PLWVDPW GHQ VFKDUIHQ .DQWHQ ]XHUVW DXI GLH .XJHO

SURML]LHUW XQG DQVFKOLHVVHQG PLWHLQDQGHU YHUEXQGHQ� 'DQDFK ZLUG GLH �QHXH� .XJHO JHPlVV ���

DXI & SURML]LHUW� $OV %HLVSLHO VLHKH �$EELOGXQJ ���

����� 1LFKW VWHUQI|UPLJH 2EMHNWH

:HQQ ZLU QLFKW VWHUQI|UPLJH 2EMHNWH YHUVFKPHO]HQ ZROOHQ WUHWHQ YRU DOOHP ]ZHL 3UREOHPH

DXI� $OV HUVWHV ZLVVHQ ZLU QLFKW� ZLH ZLU GHQ hEHUVFKXVV DQ 0DWHULDO DXI GHP 5DQG YRQ &

YHUWHLOHQ ZROOHQ� DOV ]ZHLWHV P�VVHQ ZLU HLQHQ QHXHQ :HJ VXFKHQ� GDV 0RGHO YRQ & ]X

HUVWHOOHQ� 'LH KLHU YRUJHVWHOOWH /|VXQJ JLOW QXU� IDOOV GLH 2EMHNWH $ XQG % QXU HLQ HLQ]LJHV

]XVDPPHQKlQJHQGHV 6FKQLWWYROXPHQ KDEHQ�

:LH YRUKLQ VHL + HLQ 3XQNW LQ A B∩ � $ PXVV QLFKW QRWZHQGLJHUZHLVH VWHUQI|UPLJ VHLQ� DEHU

%� (LQ 3URMHNWLRQVVWUDKO YRQ + DXV VFKQHLGHW % QXU HLQPDO� NDQQ GDI�U $ PHKUPDOV VFKQHLGHQ

�VLHKH $EELOGXQJ ��� 'LH 6FKQLWWJHUDGH EHVWHKW GHP]XIROJH DXV $EVFKQLWWHQ LQ $� %� A B∩ �

XQG �OHHUHQ� $EVFKQLWWHQ A B∩ �

'LH ,GHH LVW QXQ� GHQ hEHUVFKXVV YRQ 0DWHULDO LQ GHQ HUVWHQ� OHHUHQ $EVFKQLWW ]X

WUDQVSRUWLHUHQ� )DOOV GLHVHU $EVFKQLWW QLFKW JURVV JHQXJ LVW� ZLUG GHU 5HVW GHV 0DWHULDOV ]XP

QlFKVWHQ OHHUHQ $EVFKQLWW YHUVFKREHQ XVZ�

8P HLQ 0RGHO YRQ & ]X HUVWHOOHQ� ZLUG ]XQlFKVW HLQH .RSLH YRQ $ HUVWHOOW XQG VRODQJH

GHIRUPLHUW� ELV & JHQ�JHQG JXW DSSUR[LPLHUW LVW� )�U HLQH GHWDLOOLHUWHUH %HVFKUHLEXQJ GHV

$OJRULWKPXV VLHKH >�� S� �@�

��� $QZHQGXQJHQ
(V JLEW QXQ YHUVFKLHGHQH 0|JOLFKNHLWHQ GLHVH QHXH 7HFKQLN DQ]XZHQGHQ� +LHU ZHUGHQ GHUHQ

GUHL NXU] YRUJHVWHOOW�

����� (UVWHOOXQJVWRRO

'LHVH $QZHQGXQJ LVW HLQH GLUHNWH :HLWHUI�KUXQJ GHU REHQ EHVFKULHEHQHQ 0HWKRGH ]XU

9HUVFKPHO]XQJ YRQ 2EMHNWHQ�

'HU %HQ�W]HU NDQQ ]ZHL 2EMHNWH �$ XQG %� XQG HLQHQ 3XQNW �+� DXVZlKOHQ� 'DV 7RRO SU�IW RE

GLH 2EMHNWH XQG GHU 3XQNW J�OWLJ VLQG� XQG YHUVFKPLO]W VLH ZHQQ HV P|JOLFK LVW� 'DV QHX

HUVWHOOWH 2EMHNWH XQWHUVFKHLGHW VLFK QLFKW YRQ GHQ DQGHUHQ� XQG NDQQ LQVEHVRQGHUH ZLHGHU I�U

QHXH 9HUVFKPHO]XQJHQ YHUZHQGHW ZHUGHQ�

����� $QLPLHUWHV 'HIRUPDWLRQVWRRO

$XI HLQH HLQIDFK :HLVH N|QQHQ PLW GLHVHU 7HFKQLN DXFK 'HIRUPDWLRQHQ EHZHUNVWHOOLJW

ZHUGHQ� LQGHP GHU %HQ�W]HU 0DWHULDO ]X 2EMHNWHQ KLQ]XI�JHQ NDQQ� 'XUFK HLQH OHLFKWH

0RGLILNDWLRQ GHU 9HUVFKPHO]XQJVUHJHOQ NDQQ VRJDU 0DWHULDO ZHJJHQRPPHQ ZHUGHQ� 'LH

%HGLQJXQJ GHU 9ROXPHQHUKDOWXQJ ��� ( ) ( ) ( )∆ ∆ ∆ν θ ν θ ν θ= +1 2 �VLHKH ���� NDQQ VR DEJHlQGHUW
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ZHUGHQ� GDVV 0DWHULDO DEJH]RJHQ ZLUG� ( ) ( ) ( )∆ ∆ ∆ν θ ν θ ν θ= −1 2 � 'DPLW N|QQHQ

EHPHUNHQVZHUWH (IIHNWH HU]LHOW ZHUGHQ �$EELOGXQJ �� OHW]WHV %LOG��

'XUFK HLQIDFKH 7UDQVIRUPDWLRQHQ �6NDOLHUXQJ� 6FKlUXQJ� XQG 7UDQVODWLRQ GHU *UXQGREMHNWH

ZlKUHQG GHU =HLW� NDQQ GLH 'HIRUPDWLRQ DQLPLHUW ZHUGHQ� LQGHP EHL MHGHP )UDPH GLH

9HUVFKPHO]XQJHQ QHX EHUHFKQHW ZHUGHQ� $XFK NDQQ GDV =HQWUXP GHU 3URMHNWLRQ + YDULLHUW

ZHUGHQ� XP ZHLWHUH (IIHNWH ]X HUKDOWHQ �$EELOGXQJ ���

$EELOGXQJ �� =HQWUXP GHU 3URMHNWLRQ

����� 0RUSKLQJWRRO

0LW GLHVHU 0HWKRGH N|QQHQ DXFK DXI HLQH HLQIDFKH $UW 0RUSKV ]ZLVFKHQ ]ZHL 2EMHNWHQ

HUVWHOOW ZHUGHQ� 8QVHU =LHO LVW HV HLQ =HLWDEKlQJLJHV 2EMHNW ( )C t ]X JHQHULHUHQ� ZHOFKHV VLFK

LQ HLQHP ,QWHUYDOO [ ]t ∈ 0 1, NRQWLQXLHUOLFK YRQ HLQHP 2EMHNW $ � ( )C A0 = � ]X HLQHP 2EMHNW %

� ( )C B1 = � YHUZDQGHOW�

'LHV NDQQ HLQIDFK HUUHLFKW ZHUGHQ� LQGHP ZLU GLH 2EHUIOlFKH YRQ & OLQHDU ]ZLVFKHQ GHU

2EHUIOlFKH YRQ $ XQG % LQWHUSROLHUHQ�

( ) ( ) ( ) ( )ρ θ ϕ ρ θ ϕ ρ θ ϕ, , ,= − +1 1

3

2

33 t t ���

$OV %HLVSLHO KLHU]X VLHKH $EELOGXQJ �� +LHU ZXUGH HLQ :�UIHO LQ HLQ .UHX] JHPRUSKW �GDV .UHX]

ZXUGH HUVWHOOW� LQGHP ]ZHL (OOLSVRLGH YHUVFKPRO]HQ ZXUGHQ��

$EELOGXQJ �� 0RUSKLQJ ]ZLVFKHQ :�UIHO XQG .UHX]
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�

� 9ROXPHWULVFKH 2EMHNWEHVFKUHLEXQJ

��� ,GHH
(LQ JDQ] DQGHUHU $QVDW] ]XU %HVFKUHLEXQJ YRQ �'�2EMHNWHQ EDVLHUW DXI ,VRIOlFKHQ YRQ 6NDODU�

IHOGHUQ RGHU 9ROXPHQGDWHQ� /HW]WHUH VLQG HLJHQWOLFK HLQH 'LVNUHWLVLHUXQJ HUVWHUHU ZHOFKH ]�%�

YRQ HLQHP &7�6FDQQHU HUVWHOOW ZHUGHQ� 'DEHL ZLUG HLQ 9ROXPHQ PLW VNDODUHQ :HUWHQ� ZLH ]�%�

,QWHQVLWlWHQ RGHU $WWXHQDWLRQVNRHIL]LHQWHQ� JHI�OOW� 'DV 2EMHNW ZLUG GDQQ EHVFKULHEHQ GXUFK

HLQH ,VRIOlFKH JOHLFKHU :HUWH LP 9ROXPHQ� ZHOFKH GDQQ ]�%� PLW 0DUFKLQJ &XEHV RGHU

0DUFKLQJ 7HWUDKHGURQ WULDQJXOLHUW ZHUGHQ NDQQ�

��� *UXQGODJHQ� �%OREE\ 0RGHO�
8P 6NDODUIHOGHU HUVWHOOHQ ]X N|QQHQ� YHUZHQGHQ ZLU HLQ]HOQH 3ULPLWLYHQ� ZLH 3XQNWTXHOOHQ

RGHU 6XSHUTXDGULFV� DOV �6WUDKOHU�� 'LHVH HU]HXJHQ MH HLQ 6WUDKOXQJVIHOG ZHOFKH VXSSHUSRQLHUW

ZHUGHQ N|QQHQ XP HLQ UHVXOWLHUHQGHV )HOG ]X HUKDOWHQ� =XU 9HUDQVFKDXOLFKXQJ ZROOHQ ZLU

]XQlFKVW ]ZHLGLPHQVLRQDOH 6NDODUIHOGHU EHWUDFKWHQ�

����� �' 6NDODUIHOGHU

*HJHEHQ VHL HLQ QXQ HLQH 3ULPLWLYH Pi DQ HLQHP 3XQNW ( )x yi i, ZHOFKH HLQ )HOG Vi DQ MHGHP

3XQNW ( )x y, LQ ℜ2
HU]HXJW�

( ) ( )
V x y b

a f x y
i i i i

i i, e
,

=
−

���

'LH )XQNWLRQ ( )f x yi , EHVFKUHLEW GLH )RUP GHV 6NDODUIHOGHV� %HL HLQHP UDGLDO V\PPHWULVFKHQ

)HOG GHILQLHUW GHU TXDGUDWLVFKH $EVWDQG ]ZLVFKHQ ( )x yi i, XQG ( )x y, GLH ,QWHQVLWlW�

( ) ( ) ( )f x y x x y yi i i, = − + −
2 2

����

'HU 3DUDPHWHU ai YRQ ��� EHHLQIOXVVW GDV $ENOLQJHQ GHV )HOGHV JHJHQ ZHLWHU HQWIHUQWH 3XQNWH

XQG bi EHVWLPPW GLH 6WlUNH GHV )HOGHV� %HILQGHQ VLFK PHKUHUH 3ULPLWLYHQ LQ GHP 0HGLXP�

ZHUGHQ GLHVH VXSSHUSRQLHUW� $XVJHKHQG YRQ ��� NDQQ GDV UHVXOWLHUHQGH )HOG V DXV N
3ULPLWLYHQ ZLH IROJW EHVFKULHEHQ ZHUGHQ�

( ) ( )
V x y b

a f x y
i

i i

i

N

, e
,

=
−

=
∑

1

����

$EELOGXQJ � ]HLJW GLH 9LVXDOLVLHUXQJ HLQHV )HOGHV JHQHULHUW GXUFK ]ZHL UDGLDO V\PPHWULVFKHQ

3ULPLWLYHQ� 8P QXQ HLQ 2EMHNW DXV GHP 6NDODUIHOG ]X HUVWHOOHQ� VFKQHLGHQ ZLU GHQ 5DXP

( )( )x y V x y, , , PLW HLQHU (EHQH ( )x y T, , � :LU HUKDOWHQ GLH +|KHQOLQLH �$EELOGXQJ ��� GXUFK

( )V x y T, = ����

'XUFK 9DULDWLRQ YRQ T NDQQ GLH �%OREE\QHVV� EHVWLPPW ZHUGHQ� :LUG ]�%� T HKHU KRFK

JHZlKOW� ]HUIlOOW GDV 2EMHNW� 7LHIH :HUWH YRQ T SURGX]LHUHQ NOXPSLJHUH 2EMHNWH�
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$EELOGXQJ �� 6NDODUIHOG YRQ � NUHLVI|UPLJHQ

3ULPLWLYHQ

$EELOGXQJ ��� 6FKQLWW PLW (EHQH

$EELOGXQJ ��� 1HJDWLYH )HOGHU

����� �' 6NDODUIHOGHU

'LH (UZHLWHUXQJ QDFK �' JHKW DQDORJ� LQGHP ZLU HLQ )HOG LQ ℜ3
GHILQLHUHQ� $XV ��� ZLUG

( ) ( )
V x y z b

a f x y z
i i i i i

i i, , e
, ,

=
−

����

E]Z�

( ) ( )
V x y z b

a f x y z
i

i i

i

N

, , e
, ,

=
−

=
∑

1

����

XQG

( )V x y z T, , = ����

8P GDV 2EMHNW� JHJHEHQ GXUFK HLQH ,VRIOlFKH JHPlVV ����� ]X EHVWLPPHQ� PXVV MHW]W GHU

5DXP PLW HLQHU +\SHUHEHQH JHVFKQLWWHQ ZHUGHQ� /HLGHU N|QQHQ ZLU GDV KLHU QLFKW VR ULFKWLJ

YLVXDOLVLHUHQ�

6SH]LHOOH (IIHNWH N|QQHQ HU]LHOW ZHUGHQ� ZHQQ GHU 3DUDPHWHU bi QHJDWLY JHZlKOW ZLUG�

'DGXUFK HU]HXJW GLH 3ULPLWLYH Pi HLQ QHJDWLYHV )HOG� ,Q $EELOGXQJ �� KDW GLH YRUGHUH 3ULPLWLYH

HLQ QHJDWLYHV bi XQG HU]HXJW VR HLQ 7DO LP �'�6NDODUIHOG�
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��� 5HNRQVWUXNWLRQ YRQ JHVFDQQWHQ 2EHUIOlFKHQ
'DV �%OREE\ 0RGHOO� ELHWHW HLQHQ JXWHQ $QVDW] ]XU 5HNRQVWUXNWLRQ YRQ 2EHUIOlFKHQ� 5HHOOH

*HJHQVWlQGH N|QQHQ ]�%� PLW 5DQJH 6FDQQHU DEJHWDVWHW ZHUGHQ� 'DEHL ZLUG HLQ VRJ� �ô�

0RGHO GHV 2EMHNWV HUVWHOOW� LQGHP YRQ HLQHP IL[HQ 3XQNW DXV GLH $EVWlQGH ]XU 2EHUIOlFKH

JHPHVVHQ ZHUGHQ� :DV IHKOW� LVW GLH YROOH �' ,QIRUPDWLRQ GHV 2EMHNWHV�

��� 3UREOHP
=XU 5HNRQVWUXNWLRQ GHV 2EMHNWHV PXVV QXQ GLH 2EHUIOlFKH P|JOLFKVW JXW PLW HLQHU ,VRIOlFKH

HLQHV 6NDODUIHOGHV DSSUR[LPLHUW ZHUGHQ� ,P ZHVHQWOLFKHQ PXVV GLH )XQNWLRQ

( )( )E V x y z Tvalue j j j
j

M

= −
=

∑ , ,
2

1

����

PLQLPLHUW ZHUGHQ� :REHL M 3XQNWH ( )P x y zj j j j, , GHU JHPHVVHQHQ 2EHUIOlFKH JHJHEHQ VLQG�

(V JHKW DOVR GDUXP HLQH SDVVHQGH 0HQJH YRQ 3ULPLWLYHQ ]X ILQGHQ� ZHOFKH ���� PLQLPLHUW� (LQ

ZHLWHUHV 3UREOHP HQWVWHKW� GD ZLU QLFKW ZLVVHQ� ZHOFKH 6HLWH GHU ,VRIOlFKH ZLU DSSUR[LPLHUHQ

VROOHQ� 'D]X P�VVHQ ZLU GLH )OlFKHQQRUPDOHQ GHU ,VRIOlFKH XQG GHU 5DQJH 'DWHQ EHWUDFKWHQ�

'LH 1RUPDOHQ n j LQ MHGHP 3XQNW Pj GHU 2EHUIOlFKH GHV 2EMHNWV N|QQHQ ZLU PLWWHOV GHQ

XPOLHJHQGHQ 3XQNWH DSSUR[LPLHUHQ� )�U GLH 1RUPDOHQ ( )N x y z, , DXI GLH ,VRIOlFKH YHUZHQGHQ

ZLU GLH QHJDWLYH 5LFKWXQJ GHV *UDGLHQWHQ

( ) ( )N x y z V x y z, , , ,= −∇ ����

ZREHL GHU 2SHUDWRU ∇ GHILQLHUW LVW DOV

∇ =








∂
∂

∂
∂

∂
∂x y z

, , ����

'LH EHVWH .RQILJXUDWLRQ GHU 3ULPLWLYHQ PXVV DOVR QLFKW QXU ���� PLQLPLHUHQ VRQGHUQ DXFK QRFK

( )
( )E
x y z

x y z
normal

j

M

j

j j j

j j j

= −
=

∑
1

2
n

N

N

, ,

, ,
����

0DQ NDQQ QXQ ]HLJHQ� GDVV MHGH 3ULPLWLYH PLW ai = 0 XQG b Ti = � ZHOFKH XQHQGOLFK ZHLW ZHJ

YRQ GHU 2EHUIOlFKH LVW� EHLGH %HGLQJXQJHQ ���� XQG ���� HUI�OOW� =XGHP ZLUNHQ GLH

%HGLQJXQJHQ QXU LQ %HUHLFKHQ ZR 5DQJH 'DWHQSXQNWH H[LVWLHUHQ� (V NDQQ VHLQ� GDVV HLQH

3ULPLWLYH LP %HUHLFK QDKH DQ 'DWHQSXQNWH GLH 2EHUIOlFKH JXW DSSUR[LPLHUW� DEHU ZHLW ZHJ

YRP (LQIOXVV GHU 'DWHQSXQNWH �NRPLVFKH� $UWHIDNWH JHQHULHUW� 'DUXP P�VVHQ GLH 3ULPLWLYHQ

P|JOLFKVW NRPSDNW JHKDOWHQ ZHUGHQ� $XV ���� XQG ���� NDQQ PDQ ]HLJHQ GDVV

( )V x y z dxdydz
a

bi i i i
i

i, ,∫∫∫ =








π
3

2

����
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���� UHSUlVHQWLHUW VR HWZDV ZLH GLH 0DVVH GHU 3ULPLWLYH Pi � 1XQ N|QQHQ ZLU QRFK HLQH

ZHLWHUH %HGLQJXQJ HLQI�KUHQ�

E a bshrink i i
i

N

=






−

=
∑

3

2

1

2

����

'LH 0LQLPLHUXQJ GLHVHU %HGLQJXQJ EHZLUNW HLQH 0LQLPLHUXQJ GHU �*U|VVH� GHU 3ULPLWLYH� 'LH

JHVXFKWH .RQILJXUDWLRQ YRQ 3ULPLWLYHQ NDQQ QXQ HUUHLFKW ZHUGHQ� ZHQQ IROJHQGH )XQNWLRQ

PLQLPLHUW ZHUGHQ NDQQ�

( )E
M

E E Evalue normal shrink= + +
1

α β ����

ZREHL GLH *HZLFKWH α XQG β MH QDFK 'DWHQ JHZlKOW ZHUGHQ N|QQHQ� VR GDVV HLQH RSWLPDOH

$SSUR[LPDWLRQ JHIXQGHQ ZHUGHQ NDQQ�

N = � N = � N = ��

N = �� N = ��� N = ���

$EELOGXQJ ��� 5HNRQVWUXNWLRQ HLQHV *HVLFKWHV PLW 9HUVFKLHGHQHU $Q]DKO 3ULPLWLYHQ
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��� $OJRULWKPXV
%HL HLQHU 0HQJH YRQ N 3ULPLWLYHQ PLW MHZHLOV � 3DUDPHWHUQ P�VVHQ LQVJHVDPW 5N
8QEHNDQQWH JHIXQGHQ ZHUGHQ� 'D ���� QLFKW OLQHDU LVW� NDQQ NHLQH DQDO\WLVFKH /|VXQJ

JHIXQGHQ ZHUGHQ� )�U JURVVH N VLQG 1XPHULVFKH 0HWKRGHQ VHKU DXIZHQGLJ� GD DOOH 5N
8QEHNDQQWHQ PLWHLQDQGHU JHIXQGHQ ZHUGHQ P�VVHQ� 'HU KLHU YRUJHVWHOOWH $OJRULWKPXV JHKW

LWHUDWLY YRU� LQGHP GLH 2EHUIOlFKH GHU 2EMHNWHV VXN]HVVLYH GXUFK PHKU 3ULPLWLYH DSSUR[LPLHUW

ZLUG� $XVJHKHQG YRQ HLQHU LQLWLDOHQ 3ULPLWLYH ZLUG LQ MHGHP 6FKULWW HLQH 3ULPLWLYH DXVJHZlKOW

XQG LQ ]ZHL QHXH DXIJHWHLOW� )�U GLH QHXHQ 3ULPLWLYHQ ZHUGHQ GLH 3DUDPHWHU JHPlVV ����

EHVWLPPW� 'HU $OJRULWKPXV ZLUG VRODQJH IRUWJHVHW]W ELV GLH JHZ�QVFKWH $Q]DKO 3ULPLWLYHQ

HUUHLFKW ZRUGHQ LVW� )�U HLQH JHQDXHUH %HVFKUHLEXQJ VLHKH >�@� $EELOGXQJ �� ]HLJW HLQ %HLVSLHO

HLQHU 5HNRQVWUXNWLRQ HLQHV *HVLFKWHV�

� *HJHQ�EHUVWHOOXQJ � $XVEOLFNH
%HLGH KLHU YRUJHVWHOOWHQ 0HWKRGHQ ELHWHQ VHKU YLHOH 0|JOLFKNHLWHQ ]XU 0RGHOOLHUXQJ�

'HIRUPDWLRQ� $QLPDWLRQ HWF� YRQ GUHLGLPHQVLRQDOHQ 2EMHNWHQ� ,QVEHVRQGHUH VLQG VLH VHKU

JHHLJQHW XP RUJDQLVFKH *HJHQVWlQGH GDU]XVWHOOHQ�

,P *HJHQVDW] ]XP �%OREE\ 0RGHO� ZLUG ZRKO HKHU GLH HUVWH 7HFKQLN LQ JlQJLJHQ �'�

6\VWHPHQ $QZHQGXQJ ILQGHQ� 9LHOH VROFKHU 6\VWHPH ELHWHQ RIIHQH 6FKQLWWVWHOOHQ I�U 3OXJLQV

DQ� XQG N|QQHQ PLW GHQ HQWVSUHFKHQGHQ 7RROV HUJlQ]W ZHUGHQ� (LQ 1DFKWHLO GLHVHU 0HWKRGH

LVW GLH (LQVFKUlQNXQJ� GDVV GLH 2EMHNWH VLFK GXUFKGULQJHQ P�VVHQ� +LHU EHVWHKW VLFKHU GLH

0|JOLFKNHLW GLH $OJRULWKPHQ GHUDUW ZHLWHU ]X HQWZLFNHOQ� GDVV VLH PLW VROFKHQ 2EMHNWHQ

XPJHKHQ N|QQHQ�

'DV �%OREE\ 0RGHO� LVW HLQ PlFKWLJHV :HUN]HXJ ZHOFKHV YLHOVHLWLJ HLQJHVHW]W ZHUGHQ NDQQ�

,Q GHU 'DWHQYLVXDOLVLHUXQJ N|QQHQ 2EMHNWH JOHLFKHU .DWHJRULH DOV %OREE GDUJHVWHOOW ZHUGHQ�

'XUFK 9DULDWLRQ GHV ,VRIOlFKHQSDUDPHWHUV T N|QQWH ]�%� GLH 6WlUNH GHU 9HUVFKPHO]XQJ

JHZlKOW ZHUGHQ� $XFK ]XU $SSUR[LPDWLRQ YRQ 5DQJH� RGHU 9ROXPHQGDWHQ LVW GLHVH 0HWKRGH

VLFKHU HLQ JXWHU $QVDW]� )DOOV GLH 2EHUIOlFKH GHV 6NDODUIHOGHV DOV 0HVK EHQ|WLJW ZLUG� VWHOOW

GLH 6NDODUIHOGUHSUlVHQWDWLRQ HLQ 1DFKWHLO GDU� GD GLH ,VRIOlFKH ]XHUVW 7ULDQJXODWLRQ ZHUGHQ

PXVV� (LQ 9RUWHLO JHJHQ�EHU QRUPDOHQ 9ROXPHQGDWHQ EHVWHKW WURW]GHP� ZHLO GLH

2EHUIOlFKHQQRUPDOHQ DQDO\WLVFK EHVWLPPW ZHUGHQ N|QQHQ�

� /LWHUDWXU

>�@ )XVLRQ RI �'�6KDSHV

3� 'HFDXGLQ� $� *DJDORZLF]� (XURJUDSKLFV :RUNVKRS RQ $QLPDWLRQ DQG VLPXODWLRQ�

2OVR� 1RUZD\� VHSW� ����

>�@ 9ROXPHWULF 6KDSH 'HVFULSWLRQ RI 5DQJH 'DWD XVLQJ �%OREE\ 0RGHO�

6� 0XUDNL� $&0 &RPSXWHU *UDSKLFV� 9RO� ��� 1U� ��-XO\ �����S� ���


